A capitalization-weighted index is the most common way to gain access to broad equity market performance. These portfolios are generally concentrated in a few stocks and present some lack of diversification. In order to avoid this drawback or to simply diversify market exposure, alternative indexation methods have recently prompted great interest, both from academic researchers and market practitioners. Fundamental indexation computes weights with regard to economic measures, while risk-based indexation focuses on risk and diversification criteria. This paper describes risk-based indexation methodologies, highlights potential practical issues when implemented, and illustrates these issues as it applies to the Euro Stoxx 50 universe.
Introduction
For the past forty years, asset allocation has relied on the Capital Asset Pricing Model (CAPM) theory, originated by William F. Sharpe (1964) . CAPM theory concludes that under some assumptions, market-capitalization weighting is efficient for asset allocation, in the sense that no other portfolio with the same risk (i.e. volatility) will have a higher expected return. Since then, capitalization-weighted indexes (hereafter CW) have played a central role in the investment industry. First, they provide convenient access to broad equity markets and serve as a natural investment vehicle in financial markets (index funds, electronic-traded funds, derivatives). Second, they represent a reference and benchmark for active management.
Realistically, the assumptions of CAPM do not hold (investors do not all have the same expectations, they cannot sell short without a penalty), and CAPM appears to be inefficient (see, for example, Haugen et al. (1991) , Amenc et al. (2006) , Hsu (2006) ). In this context, investors have recently shown great interest in alternative-weighted indexes (hereafter AW). An alternative-weighted index is defined as an index in which assets are weighted in a different way than those based on market capitalization. Alternative-weighted indexes can be split into two families: fundamental indexes and risk-based indexes. Fundamental indexation defines the weights as a function of economic metrics like dividends or earnings. This indexation has been studied in numerous articles (for example Arnott et al. (2005) , Estrada (2008) or Haugen et al. (2010) ) and aims to provide higher returns and lower risk than capitalization-weighted indexes.
On the other hand, risk-based indexes are meant to diversify the risk of the portfolio. Two well-known examples are the minimum-variance portfolio (or MV portfolio) and the equallyweighted portfolio (or 1/n portfolio). The MV portfolio is located on the mean-variance efficient frontier with the lowest risk. Many equity funds have recently been launched using this concept as it is both easy to compute, due to its unique solution, and recognized as robust, since it is the only one among mean-variance efficient portfolios that does not incorporate any information on expected returns. However, minimum-variance portfolios are generally suffering from -and even deepening -the drawback of portfolio concentration. A natural and simple way to deal with this last issue is to attribute the same weight to all the assets of the portfolio. Equally-weighted portfolios are widely used in practice (Bernartzi and Thaler (2001), Windcliff and Boyle (2004) ) and have been shown to be efficient in out-of-sample exercises (DeMiguel et al., 2007) . Recently, Choueifaty and Coignard (2008) introduced the concept of the most diversified portfolio (or MDP portfolio). As in the case of minimum-variance portfolios (Clarke et al., 2006) , the weights of the portfolio depend only on the covariance matrix. Later, Maillard et al. (2008) studied the properties of the equallyweighted risk contributions portfolio (or ERC portfolio) as a new methodology for building a diversified portfolio. All of these methods have contributed to the emergence of the concept of risk-based indexation. The main difference between fundamental and risk-based indexes is that the former promises alpha, whereas the latter promises diversification. This paper, which aims at comparing the different risk-based indexes, is organized in the following structure: Section 2 analyzes the properties of capitalization-weighted and fundamental indexes; Section 3 details the various risk-based indexes (MV, 1/n, MDP/MSR and ERC portfolios) by comparing them in terms of mathematical properties; Section 4 presents empirical results based on the DJ Euro Stoxx 50 universe over the period 1992-2009 and Section 5 draws conclusions.
Beyond capitalization-weighted indexes
Let us consider an index composed of n stocks. Let P i (t) be the price of the i-th stock and R i (t) be the corresponding return between time t − 1 and t:
The value of the index (or benchmark) B (t) at time t is defined by:
where w i (t) is the weight of the i-th stock in the index satisfying n i=1 w i (t) = 1. The computation of the value of the index B (t) is generally calculated at the closing time t.
However, this computation is purely theoretical. In order to replicate this index, we have to build a hedging strategy that consists of investing in stocks. Let S (t) be the value of the strategy (or the index fund). We have:
where n i (t) is the number of stock i held between t − 1 and t. We define the tracking error as the difference between the return of the strategy and the return of the index:
The quality of the replication process is generally measured by the volatility σ e S|B (t) of the tracking error 1 . We may distinguish several cases:
1. We may have an index fund with a low tracking error volatility (less than 10 bps). It can be achieved by a pure physical replication (by buying all of the components with the appropriate weights each time) or by a synthetic replication (i.e. entering into a swap agreement with an investment bank).
2. We may have an index fund with moderate tracking error volatility (between 10 bps and 30 bps). For example, this is the case with an index fund based on sampling techniques.
3. An index fund with a higher tracking error volatility (between 30 bps and 1%) exists and corresponds either to some universes presenting liquidity problems or to enhanced index funds as a part of active management.
It is also important to note the difference between an investable index and a non-investable index. The frontier between these two categories is not precise. From a theoretical point of view, an investable index may be replicated with a tracking error volatility close to zero. For a non-investable index, it is impossible to replicate it perfectly. For example, stock indexes of major market places are investable. This is the case with the S&P 500, DAX, CAC and/or Nikkei indexes. This is not the case with private equity indexes, some small cap indexes or for certain market places where it is difficult to invest (i.e. the Middle East). Interesting examples are global stock indexes, like the MSCI World Index or the DJ Islamic Market Index. They contain many stocks (more than 2000 for the two cited indexes) and cover a variety of countries.
Capitalization-weighted indexes
By definition, the weights are given by:
where N i (t) is the number of shares outstanding for the i-th stock. We notice that C i (t) = N i (t) P i (t) is the market capitalization of the i-th stock. The weight w i (t) then corresponds to the ratio of the market capitalization C i (t) = N i (t) P i (t) of the i-th stock with respect to the market capitalization of the index. Generally, the number of shares is constant
or changes at a low frequency. We also have:
Regardless of whether the number of shares is constant, the weights of CW indexes move every day because of the price effect, giving us:
Another interesting result of CW indexes is that the portfolio of the hedging strategy does not change if the structure of the market remains the same (or N i (t) = N i (t − 1)). We verify that:
We do not need to rebalance the portfolio of the hedging portfolio because of the relationship:
This property is one of the main benefits of CW indexes and implies low trading costs.
Another important advantage of CW indexes is that they are considered to be a good proxy of the market portfolio defined in the CAPM-Sharpe model. To define the market portfolio, we proceed with two steps (see Figure 1 ):
1. First, we build the efficient frontier by computing the convex hull of the risk/return ratio for every possible portfolio. This is equivalent to finding all of the portfolios w defined by:
where µ is the vector of expected returns, Σ is the covariance matrix and σ is the desired level of volatility.
2. Second, we determine the capital market line, which is graphically, the tangent line connecting the return of a risk-free-asset with the efficient market frontier. The tangency portfolio belonging to both the efficient frontier and the market line is the market portfolio.
Under certain assumptions, such as the efficient market hypothesis (EMH), the theory states that the tangency portfolio is the unique risky portfolio owned by investors. In a manner of speaking, this means that a CW index defines a tangency portfolio.
The main criticisms we may address to CW indexes are the following: • By construction, a CW index is trend-following, meaning that it incorporates momentum bias which leads to bubble exposure risk as the weight of the best performers increases and the weight of the worst performers decreases (see Equation 2 ).
• A CW index generally contains a growth bias, because high-valuation multiple stocks weigh more than low valuation multiple stocks with equivalent realized earnings.
• The index may suffer from a high drawdown risk and a lack of risk diversification.
Another important issue is the concentration of underlying portfolios. In Table 1 and Figure  2 , we presented the Gini coefficient and the Lorenz curve for several equity indexes. These two concepts are presented in Appendix A. The Lorenz curve L (x) is a graphical representation of the concentration. It represents the cumulative weight of the first x% most representative stocks. If the index is not concentrated, the Lorenz curve is a straight 45
• line. The more concentrated the index, the steeper the Lorenz curve. For example, we note in Figure 2 that the DJ Stoxx 50 Index is less concentrated than the OMX Index. Generally, we summarize the information contained in the Lorenz curve with the Gini coefficient, which is a statistical measure of concentration or dispersion. When the Gini coefficient is equal to 0, it corresponds to perfect equality between weights. Total concentration corresponds to a Gini coefficient equal to 1. The results are given in Table 1 where we have ranked several stock indexes using the Gini coefficient from the least concentrated index to the most concentrated index. For each index, we have also indicated the values taken by L (x) and L −1 (x) for different values of x (expressed as a %). For example, in the case of the NASDAQ 100 Stock Index (NDX), L (10%) is equal to 47%, meaning that 10% of the stocks represent almost 50% of the weight, and L −1 (25%) is equal to 3%, meaning that 25% of the weight is concentrated in 3% of the stocks. We can also note that some non-large indexes (for example SMI or IBEX indexes) are highly concentrated. 
Price-weighted indexes
In the previous paragraph, we saw that the dynamic of a capitalized-weighted index has two components: a share component and a price component. Generally, the share component is very stable over time, whereas the price component changes every day, meaning that the high-frequency dynamic of the CW index is driven entirely by the price dynamics. Price-weighted (PW) indexation utilizes this idea. We have:
Two well-known PW indexes are the Nikkei Index and the Dow Jones Industrial Average Index. Price-weighted indexation has been criticized extensively, but from our point of view, price-weighted indexation and capitalized-weighted indexation are very close. Figure 4 , we represent the performance of these two indexes (with base 100 in January 1992). It is Interesting to note that the two fundamental indexes outperformed the S&P 500 Index.
Fundamental indexes
One of the reasons for the success of fundamental indexes is the promise of potentially superior returns: 
Construction of alternative-weighted indexes
There are several arguments supporting capitalization-weighted indexation. First, a CW index is comprehensible and data-independent; closing prices and the number of shares are available without any measurement errors. Second, trading costs are low, because it corresponds to a buy-and-hold strategy if the number of shares remains unchanged. Lastly, a CW index may be easily hedged and replicated because liquidity is highly correlated with market capitalizations.
We will now define what are the necessary properties of an appropriate alternativeweighted index. In what follows, the CW index is considered as the reference index.
• The universe of the AW index is included within the universe of the CW index:
This conveys that the AW index contains only assets belonging to the corresponding reference index. For us, it is a key property in order to qualify the AW index as a passive strategy and to minimize some style biases between the AW and CW indexes.
• In the long-term, the AW index must perform better than the CW index, and/or the volatility of the AW index must be lower than that of the CW index. With respect to the CW index, the AW index must obviously be characterized as an alpha index (like fundamental indexation) or a beta index (like risk-based indexation).
• The correlation between the performance of the AW index and the performance of the CW index is strictly different from one:
The lower the correlation, the higher the interest of the AW index. This third point is the main rationale for the AW index. An investor who prefers to invest in both AW and CW indexes does not necessarily seek better performance, but wants to diversify the risk in order to achieve a better risk-return profile.
• The rules for constructing the AW index are clearly defined, and the computation of the index values may be performed by several third-parties.
Risk-based indexation
We have seen that there are two methods for building alternative-weighted indexes:
1. Fundamental indexes (promising alpha)
Risk-based indexes (promising diversification)
In some sense, the difference between the two methods comes from the opinion of modifying the risk-adjusted return ratio. In other words, in the case of fundamental indexes, one expects to have superior returns, and one expects to create alpha with respect to the CW index. In the case of risk-based indexes, one expects to decrease the risk of the portfolio in either absolute or relative value. The AW index may have a smaller risk than the CW index or the combination of the AW index and the CW index may produce lower risk because they are not perfectly correlated. Consider a portfolio with (1 − x) % of the CW index and x% of the AW index. We denote the volatility of the returns of the two indexes as σ CW and σ AW and the correlation between them as ρ. If we assume that the two indexes have the same expected return, then we can compute the optimal portfolio. It appears that x is equal to 0 if and only if we have σ CW < ρσ AW . As such, financial theory explains that if the two indexes have the same expected return, it is better to invest in the two indexes rather than only in the CW index, except if the volatility of the CW index is particularly low with respect to the volatility of the AW index. In Figure 5 , we have provided some examples with σ CW = 18%. In the first case (σ AW = 20% and ρ = 95%), there is no interest in diversifying the portfolio, because the inequality σ CW > ρσ AW does not hold. In other illustrative cases, the investor is particularly interested in diversification if the correlation is low.
In this section, we focus on four risk-based indexation methods: 1/n, MV, MDP/MSR and ERC portfolios. We have chosen these because they are already used by the investment industry, but other solutions, which are more complex, also exist (see for example Bera et al., 2008) . The main advantage of the four methods is that they have been studied both by academics and professionals.
The 1/n portfolio
The idea of the 1/n portfolio is to define a portfolio independently from estimated statistics and properties of stocks (Windcliff et al., 2004 ). If we assume that it is impossible to predict return and risk, then attributing an equal weight to all of the portfolio components constitutes a natural choice. The structure of the portfolio depends only on the number n of stocks because the weights are equal and uniform:
This type of indexation is easy to understand, thanks to the uncomplicated rules of construction. It corresponds to a contrarian strategy with a take-profit scheme, because if one stock has a substantial return between two rebalancing dates, its weight will reset to 1 n at Figure 5 : Illustration of the diversification effect the next rebalancing date. However, in a CW index, the opposite is true: the larger the return of the stock, the greater its weight. An appealing property is that the 1/n index is the least concentrated portfolio in terms of weights 3 . The main weakness is that it does not consider individual risks and correlations between these risks, which implies that it is difficult to locate this portfolio in a mean-variance framework. From a theoretical point of view, the 1/n portfolio coincides with the efficient portfolio if the expected returns and volatilities of stocks are assumed to be equal and correlation is uniform. If we are not far from these assumptions, we may consider the 1/n portfolio to be similar to the efficient portfolio
The minimum-variance portfolio
The minimum-variance (MV) portfolio is defined by the following mathematical problem:
The MV portfolio is the only portfolio located on the efficient frontier that is not dependent on the expected returns hypothesis. The main advantages of the MV portfolio are:
• It is easy to understand (like the 1/n portfolio).
• By construction, its volatility is low, at least on an ex-ante basis.
• Academic literature generally reports that it presents some good out-of-sample performance in a complete economic cycle (Clarke et al., 2006 ).
This portfolio is the tangency portfolio if and only if expected returns are equal for all stocks 4 . Notwithstanding these advantages, the MV portfolio poses a serious drawback: diversification of volatility, but not weight. This implies that the portfolio is concentrated in relatively few stocks. All portfolios that are computed through optimization based on the covariance matrix Σ share this drawback. 
The MDP/MSR portfolio
Academic literature defines the MDP portfolio as the most-diversified portfolio (Choueifaty and Coignard, 2008) and is synonymous with the MSR portfolio (maximum Sharpe ratio) presented by Martellini (2008) . It corresponds to the tangency portfolio in which it is assumed that the risk premium is proportional to the volatility or, equivalently, when all of the assets have the same Sharpe ratio. The traditional optimization program is defined as follows:
u.c. 1 w = 1 and 0 ≤ w ≤ 1 where: 5 :
In the case of the MDP/MSR portfolio, we assume that µ i = r + sσ i , and the objective function becomes:
where σ = (σ 1 , . . . , σ n ) is the vector of volatilities. This portfolio presents appealing properties, such as better diversification and less sensitivity to inputs (than the MV portfolio) and is not dependent upon any expected return hypothesis. Moreover, it is the optimal portfolio when it is assumed that all Sharpe ratios are equal. Similar to the MV portfolio, it may still be concentrated in a few stocks.
The ERC portfolio
The last construction is the ERC portfolio, which is derived from the techniques of riskbudgeting (Scherer, 2007) . The ERC portfolio corresponds to the portfolio in which the risk contribution from each stock is made equal. It is the simplest risk budgeting rule. If we assume that risk and correlation can be reasonably forecast but that it is impossible to predict return, then attributing an equal budget of risk to all of the portfolio components seems natural.
Let σ (w) = √ w Σw be the volatility of the portfolio with weights w. We can show that we have the following decomposition:
The term
is called the risk contribution of the i th asset to the volatility of the portfolio, which is the product of the weight times the marginal risk. The ERC portfolio then corresponds to the portfolio in which the risk contribution from each stock is equal 6 -the most straightforward risk budgeting rule. The main advantages of this method are the following:
1. It defines a portfolio that is well diversified in terms of risk and weights.
2. Like the MV and 1/n portfolios, it does not depend on any expected returns hypothesis.
3. It is less sensitive to small changes in the covariance matrix than the MV and MDP/MSR portfolios (Maillard et al., 2008 ).
Similar to the 1/n portfolio, it is difficult to locate on the mean-variance framework, but it corresponds to the optimal portfolio when the correlation is uniform and the assets have the same Sharpe ratio. The ERC portfolio coincides with the MDP/MSR portfolio when the correlation is uniform.
Comparison of the four passive indexation methods

Some properties
Although the four methods are based on different approaches, they present similarities. First, we can compare them in terms of weights and risk contributions:
The weights are equal in the 1/n portfolio whereas the marginal risk is equal in the MV portfolio. In the case of the ERC portfolio, this is the product of the weight times the marginal which is equal. For the MDP/MSR portfolio, the equality is on the marginal risk divided by the volatility (this measure may be interpreted as relative or scaled marginal risk). We notice that the equalities are verified in the case of the MV or the MDP/MSR portfolio only for the assets with a non-zero weight.
Another important result is that the volatility of the MV, ERC and 1/n portfolios may be ranked in the following order (Maillard et al., 2008) :
The ERC portfolio may then be viewed as a portfolio between the MV and the 1/n portfolios. Of course, in the case of the MDP/MSR portfolio, we also have σ MV ≤ σ MDP , but a comparison with the ERC and 1/n portfolios is not possible. The volatility of the MDP/MSR portfolio may be either greater or lower than the volatility of the ERC and 1/n portfolios.
It is important to mention that the ERC and MDP/MSR portfolios coincide when the correlation is uniform across assets returns. In this case, the weight w i of the i th stock is inversely proportional to its volatility σ i . The MDP/MSR portfolio corresponds to the MV portfolio when the individual volatilities σ i are equal. Curiously, the ERC and MV portfolios are the same when the correlation is uniform and is equal to the lower bound ρ = −1/(n − 1) (i.e. when diversification from correlation is maximum).
Some examples
We illustrate here the properties of these four portfolios by looking at six theoretical examples, for a better understanding of the characteristics of these four risk-based portfolios and the issues faced in practice when they are implemented.
Example 1
We consider an example with four assets. We first assume that the volatility σ i is the same and equal to 20% for all four assets. The correlation matrix C is equal to:
The results (expressed as a %) are reported in 
We notice that the MV portfolio is concentrated in the first asset because of its low level of volatility. The weight of the second asset is 0, because although its volatility is smaller than that of the third and fourth asset, its correlation with the first asset is high. We verify that the values of the marginal risk MR i in the MV portfolio are equal for assets with non-zero weights (they are equal to 8.6%). The ERC and MDP/MSR portfolios produce more balanced portfolios in terms of weights. In this example, we check the inequalities σ
MV ≤ σ ERC ≤ σ 1/n .
Unlike the first example, however, the volatility of the MDP/MSR portfolio is now higher than the volatility of the ERC portfolio.
60% 100% 60% 60% 100% 60% 60% 60% 100% 60% 60% 60% 60% 100% 60% 60% 60% 60% 20% 100% 
The correlation matrix is specific, because the correlation is uniform and equal to 60% for all assets except for the correlation between the fifth and sixth assets which is equal to 20%. The results are surprising. Whereas the MV portfolio concentrates the weights in the second and third assets, the MDP/MSR portfolio concentrates the weights in the fifth and sixth assets. The ERC portfolio overweight the third asset, but the weights are close to the 1/n portfolio. In this example, it is the MDP/MSR portfolio that has the largest volatility. It is interesting to note that in this example, the MV portfolio is sensitive to the specific volatility risk whereas the MDP/MSR portfolio is sensitive to the specific correlation risk.
C =        100% ρ 1,2 100% 0 ρ 100% . . . . . . . . . 100% 0 ρ · · · ρ 100%       
Empirical results
In order to illustrate the preceding methods, we consider the universe of the DJ Euro Stoxx 50 Index from December 31, 1991, to December 31, 2009 . Results are purely indicative. If we use another universe, we may find other empirical results. However, we believe that we can draw some interesting conclusions from this specific example.
We build risk-based indexes by using the following characteristics:
7 They are equal because the volatilities are the same.
• Every month, we consider only the stocks which belong to the DJ Euro Stoxx 50 Index.
• We compute the empirical covariance matrix using a 1 year (or 260 trading days) window lag at the last trading day of the month.
• The portfolio is rebalanced on the first trading day of the next month.
• The risk-based index is computed daily as a price index.
Performance and risk
The results are presented in Table 6 . We first notice that the four risk-based indexes outperform the DJ Euro Stoxx 50 Index. We have to be cautious that we do not take trading costs into account, an issue discussed in the next paragraph. Comparing the risk-based indexes with the CW index in terms of risk, we observe that they present lower risk if we consider the volatility or drawdown measures except for the 1/n portfolio. It is not true for the kurtosis measure. Finally, we report the correlation of daily returns with the DJ Euro Stoxx 50 Index. The least correlated is the MV portfolio followed by the MDP/MSR portfolio. Results by calendar year are reported in Table 7 . Notes about the statistics in Table 6 .
All the statistics are computed on a daily basis if not mentioned (otherwise only the skewness and the kurtosis are computed on a monthly basis). They are expressed in % except for the Sharpe and IR ratios, the skewness and kurtosis coefficients which are measured in decimals. The performance corresponds to the annualized return in %.
The Sharpe ratio is the annualized performance divided by the volatility without taking into account the risk-free rate. The volatility of the index and the volatility of the tracking error are equal to the standard deviation of the daily return or difference of returns multiplied by the square root of 260. The information ratio (IR) is the annualized excess performance divided by the volatility of the tracking error. These observations imply that we have to introduce some constraints in the MV and MDP/MSR indexation if we want to obtain an investment strategy that makes sense. We report in Table 8 the composition of the different portfolios as of December 31, 2009 . The MV index is invested in exactly 11 stocks, whereas the MDP/MSR portfolio is composed of 17 stocks. By construction, the ERC and 1/n portfolios are invested in all the stocks of the universe. So, the MV and MDP/MSR portfolios take big bets on some stocks contrary to the ERC and 1/n portfolios. We think that it is certainly the main difference between these risk-based indexes. We have also reported the composition of the MV and MDP/MSR portfolios when we impose an upper bound (10% or 5%).
On the importance of constraints
In Table 9 , we have computed the annualized turnover 9 based on the monthly weights. In the case of the 1Y estimated covariance matrix (which is our default case), the turnover is equal respectively to 327%, 65%, 340% and 20% for the MV, ERC, MDP/MSR and 1/n indexes. We notice that the turnover is not equal to zero for the 1/n portfolio because of the entry/exit in the universe. The turnover of the ERC portfolio is relatively small whereas it is high for the MV and MDP/MSR portfolios. To reduce these turnovers, we may impose some constraints (like an upper bound) or use a covariance matrix estimated with a longer window lag. For example, turnover is reduced on average by a factor of two with a 3 year window lag. Moreover, if we impose a 5% upper bound on the weights, the turnover becomes 74% and 95% for the MV and MDP/MSR portfolios.
In practice, we can not build a MV index or a MDP/MSR index without imposing some constraints 10 because these portfolios are too concentrated (more than the capitalizedweighted index). We report the Gini coefficient for the different portfolios at the end of year 2009 in Table 10 . We compute this coefficient for both the weights (G W ) and the risk contributions (G RC ). For the CW index, we retrieve the value of 0.31 for the weights (computed in Table 1 ). In terms of risk contributions, this index is more concentrated (G RC = 0.38). We also verify that MV and MDP/MSR indexes are more concentrated. Even if we impose an upper bound of 5% for the weights, we have G W = 0.60 and G RC = 0.64. We do not encounter this problem with the 1/n index because it is the least concentrated portfolio in terms of weight by definition. For the ERC index, concentration is not a concern. Indeed, Maillard et al. (2008) show that if w is the solution of the ERC problem, then there exists a constant c such that it is also the solution of the following optimization problem :
We may also interpret the ERC method as a minimum-variance optimization problem under a constraint of sufficient diversification ( 8 In the box plot, we indicate the statistics of maximum, minimum, median and 25 th and 75 th percentiles. 9 Let w i (t) be the weight of asset i at time t. The turnover is defined by 10 Moreover, without constraints, the MV and MDP/MSR indexes do not satisfy the 5/10/40 UCITS III rule. 
Remark 2 It is important to reduce the turnover not only because of trading costs, but above all because of possible market price impact. Moreover, two portfolios with same turnover may produce different market price impacts. Let us consider the two portfolios with 10 assets in
T W = P n i=1 |w i (t) − w i (t − 1)|.
Robust estimation of the covariance matrix
Imposing constraints is not the only way to improve the MV and MDP/MSR methods in terms of turnover. Another important issue is the statistical method to estimate the covariance matrix. Using a more robust method may have two effects:
1. Obtaining a more weight-balanced portfolio and reducing the turnover.
2. Defining a more forward looking covariance matrix.
The first point is related to the MV and MDP/MSR methods whereas the second point concerns the ERC method too. Throughout this paper, we have used the empirical covari-ance matrix. In the next paragraph, we review general methods to improve the estimated covariance matrix.
The maximum likelihood estimator
Let X be a n × 1 random vector such that X ∼ N (µ, Σ). We denote x t the observed value of X at time t. The log-likelihood of the sample x = {x t , t = 1, . . . , T } is:
We may show that the ML estimator is:
The ML estimateΣ corresponds to the empirical covariance matrix. Using ML theory, it converges to the true value Σ as T → ∞ and n is fixed.
If the sample size T is small and the number n of variables is large, the ML estimator Σ is not stable. Moreover, if n ≥ T ,Σ is a singular matrix. For example, we encounter this type of problem when we estimate the covariance matrix of large stock market indexes (S&P 500, etc.) with a one-year lag window -here T = 260 and n = 500. In this case, it may be valuable to estimate Σ in another way. A first way consists in defining a factor model to explain the stock returns whereas the second case is based on Bayesian methods and the concept of shrinkage.
Factor models
Let R t be the return of the n stocks at time t. We assume that it is related to m exogenous factors F t :
with A a n × m matrix and cov [F t ] = Ω. AF t represents the factor or common component whereas u t is the idiosyncratic component of the returns. Moreover, we assume that E [u t ] = 0 and cov [u t ] = D. By assuming that returns are gaussian, we may write the concentrated log-likelihood function in the following way:
withΣ the empirical covariance matrix and Φ = AΩA + D. The idea of factor models (FM) is to reduce the number of estimated parameters. That's why we generally use the following hypothesis: D is a diagonal matrix. Moreover, if we want to identify the model, we have to assume that Ω is given 11 . In this case, the number of estimated parameters associated to the log-likelihood (5) is p 2 = n × (m + 1) whereas it is p 1 = n × (n + 1) /2 for the log-likelihood (4). In the case of the DJ Euro Stoxx 50 universe, we have n = 50 and p 1 = 1 275 parameters. If we use a ten factors model, the number of parameters becomes p 2 = 550, which is lower. For the S&P 500 universe, we have p 1 = 125 250 and p 2 = 5 500 (22 times less parameters than for the estimated covariance matrix).
The simplest factor model is to consider that the correlation between returns is uniform. This model is known as the constant correlation (CC) model and is used in finance for a long time (Elton and Gruber, 1973) . It corresponds to a special case of the 1F model when the vector of loadings is proportional to the volatilities of the stock returns. Let ρ be the uniform correlation. One generally estimates it as the average of the empirical correlations:
However, this estimator is biased and we prefer to estimate the parameter ρ by maximum likelihood.
Naturally, the number of parameters in factor models is smaller implying that the instability of the estimated covariance matrix is reduced. Previously, we have assumed that factors are exogenous. Another way to improve the estimation of Σ is to use principal components analysis (PCA). By construction, the ML estimateΣ is a symmetric, positive semi-definite matrix. We may also apply eigenvalues decomposition:
where Λ = diag (λ 1 , . . . , λ n ) is a diagonal matrix 12 and U is an orthogonal matrix. In PCA, the endogenous factors take the form F t = Λ −1/2 U R t . By considering only the first m components or factors, we may build a more robust estimation of Σ. The main question is to determine the number m of components. One solution is to consider only the factors which explains more than 1/n of the variance. In this case, we have m = max {i :
Another solution is to exploit the algorithm of Laloux et al. (1999) . Using results on random matrix theory (RMT), they show that the eigenvalues of a T × n random matrix X has asymptotically a maximum equal to λ max = σ 2 1 + n/T + 2 n/T with σ 2 the variance of X. In this case, m = max {i : λ i > λ max }.
The shrinkage estimator
On one hand, we know that the empirical covariance matrix estimator is unbiased but its convergence rate is very low if the number of variables is high. On the other hand, we know that covariance matrix estimators based on factor models are faster to converge but are biased. The idea of shrinkage estimation consists in combining a biased estimator with other information (for example an unbiased estimator) to produce another estimator with a smaller mean squared error. Some examples are the Bayes-Stein estimator (Jorion, 1996) or the shrinkage method presented by Ledoit and Wolf (2003) .
LetΣ 1 andΣ 2 be two estimators of the covariance matrix Σ. Let us build the estimator Σ α as a linear combination of the previous estimators :
Suppose that we want to minimize the expected value of the quadratic loss function:
Ledoit and Wolf (2003) derive the analytical expression of the optimal value α whenΣ 1 is the estimated covariance matrix based on a factor model and whenΣ 2 is the empirical covariance matrix. The case whenΣ 1 is built with a CC matrix is treated in Ledoit and Wolf (2004) . 
Application to our example
Using different estimators for the covariance matrix, we obtain results in Table 12 . For each estimator, we report the yearly turnover T W (expressed in %), the average Gini coefficients G W andḠ RC , and the information ratio IR. All estimators use a window lag of one year. The first estimator EMP is empirical (or ML) estimate of the covariance matrix. The second estimator CC is the estimated covariance matrix built with empirical volatilities and a uniform correlation. PCA corresponds to the covariance matrix deduced from principal component analysis with a number of factors computed with the formula of Laloux et al. (1999) . CC-SHRINK and PCA-SHRINK are the shrinkage estimators deduced from the previous CC and PCA estimators. We notice that using a more robust covariance matrix estimate allows generally to reduce the turnover. But except for the CC estimator applied to the MDP/MSR method, they are not sufficient to solve the concentration issue. Imposing bounds (and using longer window lag) remains the main method to reduce this problem.
Conclusion
The failure of many active managers to generate value has caused investors to shift their focus from active management to passive exposure to the market. This encourages investors to study the alternative ways in which they can gain equity market exposure. The classical and natural way consists of a capitalization-weighted indexation, which under CAPM framework and tedious assumptions, can be presented as the efficient portfolio. But this does not seem to be efficient. As illustrated in this paper a lot of capitalization-weighted equity indexes are concentrated in their biggest members. They suffer from a lack of diversification and expose investors to high shortfalls of risk. Another issue is that they adopt a trend following behavior and contain a growth bias.
Alternative methods have thus emerged and have been promoted. There are two distinct methods that offer more efficient exposure to the market, or get a better beta. The first one uses fundamental statistics such as earnings or dividend yields to compute weights. These fundamental indexes are thus value-tilted and promote this value bias as a potential return enhancement or at least as diversifying to growth oriented capitalization weighted indexes. The second kind is risk-based indexation. By looking for an efficient way to split the risk within the portfolio they promise lower risk and diversification regarding their cap-weighted counterpart. We described four risk-based indexations. The simplest way is to equalize the weights between stocks (the 1/n portfolio), but this does not necessarily guarantee that the portfolio will be balanced in terms of risk. This naturally leads to a portfolio where the risks, no longer the weights, is split equally among components: every component has the same contribution to the portfolio total risk in an ERC portfolio. The third and fourth portfolios are the result of an optimization program. The former is the minimum-variance portfolio, i.e. the one with the minimum volatility on an ex-ante basis. The latter is the most-diversified portfolio, the portfolio maximizing a diversification measure. This paper then illustrated these methods with an application using the DJ Euro Stoxx 50 universe. It showed that restrictive constraints on weights should be imposed with MV or MDP/MSR methods to avoid extreme concentration in the less volatile or less correlated assets. Finally non-constrained and constrained portfolios may be different and constrained thresholds show importance in the design of the portfolio. The definition of constraints is however an open question, because it introduces a discretionary part in the strategy and they are not generally rigourously justified. The ERC portfolio is balanced in weights such that there is no need for constraints as does the 1/n portfolio. Regarding correlation with CW index, MDP/MSR and MV portfolios are the least correlated. Regarding index volatility, as expected, the MV portfolio is the least volatile. The volatility of the 1/n portfolio is similar to those of the CW index while the out-of-sample volatility of the ERC and MDP/MSR portfolios stand middle grounded between the volatilities of the MV and 1/n portfolios. In terms of risk adjusted performance, the four alternative indexation post higher figures than cap weighted performance. Lastly, risk-based indexation methods all experience smaller drawdown compared to the CW index. Avoiding portfolio concentration is critical to capital preservation. With alternative indexes, investors can thus access to a well diversified and diversifying exposure to broad equity markets.
A The Lorenz curve and the Gini coefficient
In economics, the Lorenz curve is a graphical representation of the cumulative distribution function of the empirical probability distribution of wealth. The x value of the curve corresponds to a percentile of the population ordered according to the characteristic in question. The y value of the curve represents that portion of the total value of the characteristic in question. If we apply this concept to the composition of an index, the Lorenz curve represents the cumulated weights of the first x% most important stocks. In Figure 9 , we have represented an example of a Lorenz curve. In this case, we have L (20%) = 56.9% meaning that the 20% most weighted stocks represent 56.9% of the weight in the index. In the case of no concentration, the Lorenz curve is the straight 45
• line which corresponds to the perfect equality of the weights and we have L (x) = x. Perfect concentration corresponds to the case when one stock has a weight of 100% and we have L (x) = 0 if x < 1/n and L (x) = 1 if x ≥ 1/n. The Gini Coefficient G is a measure of the dispersion using the Lorenz curve. Graphically, we have G = A/ (A + B) with A and B the two areas defined in Figure 9 . Another expression is:
The statistical measure G takes the value 1 for a perfectly concentrated portfolio and 0 for the portfolio with uniform weights.
